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Abstract 

In this paper, we establish Schur-Weyl reciprocity for the g-analogue of the ahernating group. 
We analyze the sign q-permutation representation of the Hecke algebra 'HQ(q)^r{l) on the rth tensor 
product of Z2-graded Q-vector space V — Vq®V- in detail, and examine its restriction to the q- 
analogue of the ahernating group Hq^^j consequence, we find out that if dimVg- — diml^, 

then the centralizer of 7iQ(,) is a Z2-crossed product of the centrahzer of 'HQ(q)^riq) and obtain 
Schur-Weyl reciprocity between T^qj^j and its centralizer. Though the structure of the centralizer 
is more complicated for the case dimVg-T^dimT^, we obtain some results about the case. When g = 1, 
Regev has proved Schur-Weyl reciprocity for alternating groups in |12) . Therefore, our result can be 
regarded as an extension of Regev's work. 



1 Introduction 

The purpose of this study is to research Schur-Weyl reciprocity for the g-analogue of the alternating 
group. In our previous paper llOj . we established Schur-Weyl reciprocity between the Hecke algebra 
7iQ(q) ,,((7) and the quantum super Lie algebra L/^(g[(m, n)). In that paper, we defined the q-permutation 
representation of 'WQ(g) ,.(9), and showed that the image of the g-permutation representation is the cen- 
tralizer of the image of the vector representation of the quantum super Lie algebra Ug (^Ql{m, n)) on the 
rth tensor product of a Z2-graded (m + n)-dimensional (Q)((j)-vector space V = Vq(BVj. In this paper, we 
find out the centralizer of the g-analogue of the alternating group as the restriction of the q-permutation 
representation. When q = 1, Regev has already shown Schur-Weyl reciprocity for the alternating group 
in ^21 • Hence our result is regarded as an extension of Regev's work. 
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Let q be an indeterminate and K = Q{q). Let {TTr,V^^) be the g-permutation representation of 
TifCril) (definition of the q-permutation representation is at (4.1)) and {pr, V®^) the vector representation 
of [/^ (0l(m, n)) (definition of the vector representation is at (4.4)). We have proved in 10 that Aq — 
TTr{'HK,r{q)) and Bq = p.r([/^(gI(TO, n))) are full centralizers of each other, namely: 

Bq = End^, F®'' and Aq - Endg, V^^ (1.1) 

Let Rq be a commutative domain which includes an invertible element q. We further assume that 2 
and q + q~^ are invertible elements of Rq- Then we can define the g-analogue of the alternating group 
'^\i.o,r{l) Definition 3.1 and Proposition 3.6) in HRg,r{q)- In 0, we defined the q-analogue of the 
alternating group as a subalgebra of Iwahori-Hecke algebra of type A and obtained defining relations (see 
Proposition 3.7) for the first time. In this paper, we show that 'HRa^rio) is isomorphic to the Z2-crossed 
product which is obtained from the crossed system {'H\^ ril)^ '^2,ipo, cto) (definition of -ipo and ao are at 
(3.2) and (3.3) respectively). 

Theorem 3.9. 7i_Ro,r(<z) is isomorphic to the 'L2-crossed product TC]^^^ ri^)ani^^] '^^ Ro-algebras. 

Let Cq = TTr (H^c ^(q)) and Vq = Endc, y^r^ q^^. j-^g^j^ subject is to solve the relation between T>q 
and Bq. From (1.1), one can immediately see that BqC-Vq. But the structure of Vq is not trivial. Indeed, 
the structure of Vq depends on the dimensions m — dim^c Vq and n = dim^f Vj. In this paper, we show 
that if TO = n, then Vq is isomorphic to Z2-crossed product which is obtained from the crossed system 
(Hq, Z2, "017 c^i) (definition of t/'o and ao are at (5.4) and (5.5) respectively). 

Theorem 5.6. If m = n, then Vq is isomorphic to the 'L2-crossed product i3g^J [Z2] as K -algebras. 

From this theorem, we immediately obtain that dimi^ Vq = 2 dimx Bq. Moreover, we show Schur-Weyl 
reciprocity for H]^^{q). 

Theorem 5.8. Endc, V®'' = Vq and Endp, V^"" = Cq hold. 

In the general case, the matter is more complicated, but we can find out to some extent if we exchange 
the base field from K to its algebraic closure K. Let Ug (^Ql{m,n)) = Ug (^Ql{m,n)^(>^KK , Aq = Aq(s)KK, 
Bq = Bq®KK and Cq — Cq^xK . Then we have the following theorem by the theory of semisimple 
algebras. 

Theorem 6.1. Aq and Cq have direct sum decompositions Aq — APq®A]j and Cq = C^0C^ respectively, 
which are satisfy the following relations. 

(1) C^QA^q a^ddim^^^ 2dim^C^ 
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(2) = Al- Especially dim^^J = dim^C^. 

As a corollary, we obtain an anomalous phenomenon for non-super case as follows. 

Corollary 6.2. Letn^O. Ifm^<r, then Aq = C, and Endc^ F®'' = End_4^ 

The details of the decompositions of Aq and Cq are described in section 6. We also obtain the similar 
result to Theorem 6.1 about the endomorphism algebras End^^ V^^ and End^^ y^r.^ there exist two 
7i^^(q)-submodules Wq and Wi which satisfy the following properties. 

Corollary 6.3. End^^ Wo^End^^ Wo and End^^ Wi = End_4^ Wi. 

Although the relation between Aq and Cq is made clear by (6.4)-(6.7), that between End_4^ W and 
End(j_^ W is not clear except for Corollary 6.2 at this point. 

2 Preliminaries 

Let i? be a commutative ring with 1 and G a group. In this section, we shall review the definition 
and some properties about G-crossed products. A full account about G-graded algebras and G-crossed 
products is given in 

Definition 2.1 (G-graded algebra). An _R-algebra A is said to be G-graded if there exist a family of 
_R-submodules {Aa\<JGG} of A indexed by elements of G which satisfies the following two conditions: 

(Gl) A = e^^^A^, 

(G2) A^ArCA^r for CT,TeG. 

Moreover, A is said to be strongly G-graded when (G2) is replaced by the following condition: 

(G'2) A^Ar = A^r for CT,reG. 

We notice that ii A = ^^-gg ^o- is a G-graded algebra, then Ai^ (Ig means the identity element of 
G) is a subalgebra of A and Ia&Ai^. 

Definition 2.2 (G-crossed product). A G-graded i?-algebra A = QcreoAa is said to be a G-crossed 
product if each Ag- has an invertible element. 

We notice that a G-crossed product is a strongly G-graded algebra. Indeed, if A is a G-crossed 
product, then for an invertible element Ua^A^, W^^^A^-i and 1a = UaW^^^A^A^-i. So, we have 

AcTT — ^AAaT'^{AaA^-l )A^T ~ A„(^A^-l Aa-r)'^AcrAr. 
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Definition 2.3 (crossed system). Let A be an algebra and G a group. Suppose that there exist two 
maps 

^ : G — >Aut{A), 

(we denote ijj{a){a) hy "^a for brevity), and 

a : GxG — 

where is the multiphcative group of units of Ai, which satisfy the relations: 

"Ca) = a((T,T)(''^)aa(cr,r)"i (2.1) 
'^^a{a2,(73)a{ai,a2(J3) = a{ai, a2)a{aia2, crs) (2.2) 
a(CT,l) = a(l,cr) = l, (2.3) 

for (T, T, (Ti, (72, (T3GG, a£A. (A, G, %p, a) is said to be a crossed system. ip is called a 'u;eafc action of G on 
A, and a is called a ip-cocycle. 

We denote by ^^[G] the free left ^-module with the basis {ucr\(J^G} and the following multiplication: 

{aiU„){a2Ur) = ai'^a2a{a,T)u„r, (2.4) 

for ai, a2€A, a, t€G. 

Proposition 2.4 ([TT] Proposition 1.4.1). A^[G] is a G-crossed product. 

Proposition 2.5 f |1 Ij Proposition 1.4.2). Every G-crossed product is of the form A^[G] for some 
algebra A, some weak action ip and some ip-cocycle a. 

When G is finite and a strongly G-graded algebra A = ^^^q A^ is finitely generated over R as 
modules, A is said to have a G-graded Clifford system {Ac\(J^G} if A satisfies (CI). 

(CI) For each ugG, there exists an invertible element a^£A such that A^- = a^Ai^ = Ai^a^. 

It is clear that such Ua- is in A„. An exposition about group graded Clifford systems can be found in 
section IIC. 

3 The g-analogue of the alternating group and its representation 

Let {W, S = {si, . . . , Sr}) be a Coxeter system of rank r. Let Rq be a commutative domain with 1, and 
let gi(i = 1, . . . , r) be any invertible elements of Rq such that qi = qj if Si is conjugate to Sj in W. Further 
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we assume that 2 and qi + q- ^{i = 1,2, ... ,r) are invertible elements of Rq. The Iwahori-Hecke algebra 
Wflo(W, S) is an i?o-algebra generated by {Tg. Isles'} with the defining relations: 

(HI) Tl = (q, - qr^)T,, +1 if i = 1, 2, . . . , r, 

(H2) (r,,r,^)'=- = (T«.r,j'=- if rm^ = 2^^, 

(H3) (T,,T,.)'=«T,, = (T«.T,J'=«T,, if nnj = 2kij + 1, 

where rriij is the order of SiSj in W. We write Tj = T,, for brevity. 

If (PF, S) is of type ^ and of rank r— 1, then is isomorphic to the symmetric group &r. Furthermore, 
all the elements of S are conjugate to each other, hence we may assume gi = • • • = qr-i = q- The Iwahori- 
Hecke algebra HRQ^ril) = Wijo(W, S) of type A has the defining relations: 

(Al) Ti = {q-q-^)Ti + l ii i = 1,2, . . . ,r - 1, 

(A2) TiTi+iTi = Ti+iTiTi+i if i = 1, 2, . . . , r - 2, 

(A3) TiTj=TjTi ii\i-j\>l. 

Let " be the Goldman involution. This is an involution on HR^^riQ) defined by 

% = {q-q-^)-Ti. 

Definition 3.1. Wc define Ti-^l ^il) t° eigenspaces of Ti-Ri^^riq) corresponding to the eigenvalues 

±1 of " respectively. 

We notice that ^{q) is a subalgebra of 'HR^^rio)- Let T/ (i = 1, 2, . . . , r — 1) be the elements of 
HRa,r{q) defined by 

q+q ^ q+q ^ 

Then one can immediately check T! = —T-. 

Proposition 3.2. T/(i = 1, 2, . . . , generate Ti-Rg^riq) '^"'^ satisfy the following defining relations: 
(A'1)TI^ = 1 ifi = l,2,...,r-l, 

(A '2) TITI^^I = n^^m^, - (i^^) '(T;' -Tl^,) tfi = l,2,...,r-2, 
(A'3) TiT' = T'T! if\i-j\>l. 
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Proof. Prom the equations 

Ti = \{{q + q-^)n + 9"')} for z = 1, 2, . . . , r - 1, 

which are obtained from the definition of T/, we see that T/(i = 1,2, ...,r) generate HRg^ril)- The 
defining relations are obtained from a direct computation. □ 

Consider the following sets of monomials: 

Ci = {Lri} 

C2 = {l,T2,T2ri} 

C3 = {i,T3,T3r2,T3r2ri} 

Cr-l = {l,Tr-i,Tr-lTr-2, ■ ■ ■ ,Tr-lTr-2- ■ -Ti} 

We shall say that MiM2- • -Mj—i is a monomial in Ti-normal form in Wijo,r(5) if MiGCi for i = 1,2, ... ,r— 
1. The following fact is well-known in the theory of the Iwahori-Hecke algebra. 

Proposition 3.3. rank^j^ Ti-Ro^riq) = 'r\ and 

AheCr 

We derive from this fact that all monomials in r/-normal form also constitute a basis of 'HRQ,r{q). 
Proposition 3.4. Let C[ = {1, TI, T[T[_^, TlTl_^- ■ -Ti} for i = 1,2, ... ,r - 1. Then we have 

Proof. Consider the map / from {Ti}i=i_2,...,r-i to {T'/}i=i_2,...,r-i which is defined by /(Tj) = T/. This 
map induces the i?o-endomorphism / of 'HR^^q). f is an i?o-isomorphism because the inverse g which 
is induced from the map g from {T'-'}i=i^2,...,r-i to {T'i}i=i_2,...,r-i defined by 

9{n) = \{{q + q-')T, + {q-q-')} 

exists. Hence we conclude that M[M!^- ■ ■Ml_-^{M[eC'i), which are images of MiM2- • ■Mr-i{Mi&Ci), are 
linearly independent and constitute a basis of HR^^riq)- □ 

Let £r (respectively Or) be the set of all monomials in T/-normal form in 'HRo,r{q) which are products 
of even (respectively odd) numbers of T/'s. Then the following holds. 
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Lemma 3.5. \£r\ = 10,.!= 2~V! for r > I. 

Proof. The proof is done by induction on r. It is trivial for r = 2. Let M^Mj- • ■M^_iE£r with r > 2 
and M[^C[. Then M'lM!^- ■ ■M^_2 is considered as a monomial in T/-normal form in 7i_Ro,-r-i('?)- Let 
(C,',_]^)'^ (respectively (C^_i)°) be the subset of C^_]^ which consists of products of even (respectively odd) 
numbers of T/'s. We can readily see that M^Mj- • ■M^_2^£r-i if and only if M^_i^{C'^_iy . By induction, 
= |Or-i| = 2^^(r — 1)! and hence we obtain the following 

\£r\ = \K_,r\\£r-i\ + |(C;_i)°||a-i| = rx2-i(r - 1)! = 2-V! 

as desired. □ 

Now we characterize Ti-]^^ ^.{q) as a q-analogue of the alternating group. 

Proposition 3.6. rankfigT-CRg^riq) = 2rankfl'p 7i)j^ ^(g). Moreover Ti}-^^ ^{q) is the subalgebra which 
consists of all the products of even numbers of T- 's. 

Proof. Let Hj^^ ^{q) = (BMeSr^o^I and H'^^ ^(g) — (BMeOr^oM . Then we can see immediately that 
nR,Aq) = n'k„Aq)(Bn%^^Aq). Furthermore we obtain H^^Jq) = H^^^^q) and n^^^^q) = H^^lM 
from the property T/ = — . Combined with Lemma 3.5 we have rank^'^ Ti.Bo.riq) — Srankj^^ "H]^^ ril)- 
Let ii-Rg ril) be the set of all the linear combinations of products of even numbers of T/'s. Obviously 
'^Ro ril)—'^RB ril)- From the defining relations (AT)-(A'3), one can see that if a monomial in T/-normal 
form which consists of even (respectively odd) number of T/'s is expressed in a linear combination of other 
expressions, then each term consists of even (respectively odd) number of T/'s. Hence if we express an 
element of Ti-Rg ^il) ^ linear combination of monomials in T/- normal form, each term is in Ti-R^ ril)- 
Consequently nj^^ ril) = ^fl,o,r('?)- □ 

When we suppose that Rq = C and take a limit q^l, 7i(.^(l) is isomorphic to the group algebra 
C[2l„] of the alternating group 2l„. 

Theorem 3.7 ([HI)- '^Rq ril) isomorphic to the Ro-algebra which is generated by r ~ 2 elements 
Xi, X2, . . . , Xr-2 with the defining relations: 

(Bl) Xl = -[^-^)\xl-X,) + l, 



(B2) Xf = 1 fori>l, 

-i\ 2 

^q + q 



(B3) {X^-iX^f - -(^^7^) {(^,-1^0' - X,_iX,} + 1 /or i = 2,3, . 



,r-2, 
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(B4) {XiXjf = 1 whenever \i - j\ > 1. 

An isomorphism is given by Xi — '^T[T^^^. 

Next, wc shall show that Tin.a.riq) is a Z2-crosscd product. Since T!/ has an inverse as itself, we can 
readily sec from Proposition 3.6 that 'H\j^ ^{q)T[ is an _Ro-submodule of Ti.R„,riq) which consists of all 
linear combinations of products of odd numbers of T/'s. Therefore, we obtain a direct sum decomposition 
of left 7i)j^_^(g)-modules: 

■Hr^Aq) - n],^,Ai)®'^kAi)Ti- (3-1) 

Let Z2 = (1,-1) be a multiplicative group. We define two maps tpo and ao to be 

Vo : Aut(Wlj,,,(9)), ^o(l)(T) = T, Vo(-l)(T) = TiTTi, TgH'^^Ai)- (3-2) 

and 

ao:Z2xZ2 — ao{a,T) = l for all a, TGZ2. (3.3) 

Then we have the following immediately. 

Lemma 3.8. tpo and ao satisfy (2.1)-(2.3). 

Thus, we obtain a Z2-crosscd product H^j.^^ j,(<7)*[] [Z2] from the crossed system (JiR^ ^.(g), Z2, -00, cto)) 
where Vo and ao are given by (3.2) and (3.3) respectively. 

Theorem 3.9. HRg^ril) is isomorphic to Hj^^ r(?)aS[^2] as Ro-algebras. 

Proof. Since both V.RaA'i) '^^^ ^iJo r(9)ao[^2] are free left ^(g)-modules, we may define an isomor- 
phism of ^(g')-modules 

^0 : ■K^AltliM^^RoAD^ ^o(«i) = 1,^0(^^-1) = T[ 
Prom (2.4) and (3.2) and (3.3), we can determine the multiplication law as follows. 

{aia2Ua-T if (T = 1, 

aiT{a2T{uaT if cr = —1, 

where ai,a2SW)jg ^{q) and ct, TGZ2. Therefore, we get four formulas in Ti.RaA'i) 

(ail)(a2l) = aia2l, (ail)(a2T^) = aia2T^, {aiT[){a2l) = aiT[a2T[T[, {aiT[){a2T[) = aiT[a2T[l, 
which derive the conclusion that lq is an isomorphism of i?o-algebras. □ 
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We denote by K an algebraic closure of a field K. Let q be an indeterminate and K = Q((i'). We shall 
show (split) semisimplicity of 7i]j^(g) and the branching rule from TCj^ ^(q) to T-Og. _^{q). The manner 
of proof given here is credited to K.Uno, who sent me a letter enclosing the outline of this proof. It is 
well-known that Tij^ ^{q) is split semisimple and that isomorphism classes of simple left Tij^ ^(g)- modules 
are parametrized by Young diagrams of total size n. Let be the set of all Young diagrams of total size 
r. Then, provided that {Mq^x\\ G A^} is a set of all isomorphism classes of simple left Tif^ ^(g)-modules 
and that d\ = degAfg^^, we may write 

^K,M)=®Ii,^ {lg,x^MatdAK)), (3.4) 

where each Iq \ is the homogeneous component corresponding to A. Iq^\ is isomorphic to a d\xd\ matrix 
algebra Mat^^^ (A") whose entries lie in K. Since " is an involution of Ti^ ^(9)1 f^'' each AgA^ there exists 
/iGA„ such that Iq^x — Iq,^- Especially, d\ = follows. Dipper and James defined Specht modules 
for Hecke algebras as irreducible submodules of regular modules in j^li and improved the theory of 
representations of Hecke algebras in the series of articles such as In particular, they showed in 

13 that if ii' is a field and TiK.riq) semisimple, then S'^=-^^, riq)^K where A' denotes the transpose of 
A. In this case, Mq^x is equivalent to 5^, thus fj, = X' follows. We divide into two cases depending on 
whether A is self-conjugate or not. 
(Casel) At^A': 

In this case, ~ induces an involution on Iq,\(Blq,\' ■ Let Iq^x — {X + YeIq^x(Blq,\'\{X + Y)^^ X + ¥} 
for A 7^ A'. Then we have 

4a - {X + XeIq,xOlq^y\XeIq,x}=Iq,x{^Ma.tdAK)), (3.5) 

Thereby, the image of the regular representation of Tig- ^{q) on 5^ is isomorphic to Iq^\, so res^f '""l^j 5*^ 
is a simple left Ti.^ ^(g)-module. If gETif^ ,^{q) satisfies g — g, then the matrix coefficients with respect to 
the basis xi, X2, ■ ■ ■ , Xdx of 5^ is the same as those with respect to the basis xi, £2, • • ■ , idx of ■ 
Hence we have the isomorphism of simple left Tij^ ^(q)-modules as follows. 

(Case2) A = A': 

In this case, " induces an involution on J^^a— Mat^^^ (^). By Skolem-Noether Theorem, there exists an 
invertible element P of Mat^^ (_R') such that X = PXP^^ for all A"e Mat^^ (A"). Since eigenvalues of P 
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are ±1, We may also assume that 



-1 



-1 



Then we may write 



for some submatrices Xi,X2,Xs,X4. Therefore, we obtain 



Xi 


X2 


p-l = 




-X2 




Xi 






Xi 



{X&MaXd^{K)\X = X) = |xeMatd^(iV')|X 



Xi 
Xi 



Assuming that 1 appears m times in P. Then dim^^ {^X&yiaXd^{K)\X = X} = w? + {d\ — m)^. We 
easily see that 



m + {d\ — m) >-^ equality holds iff m = 

1 



Combining this with (3.5) and the fact that dim^W^^((j') = -dim^W^_^(g) (Proposition 3.6), we 
deduce that m = d\/2. Thereby, 



{XeM&U^{K)\X = X}^Matd,/2(^)eMatd,/2(^) 



(3.6) 



holds. This means that rcs^f '^^^^ decomposes into two simple left 1-0^, ^{q)-moA\i\cs and 5^ 
which are mutually non-isomorphic. Let Iq^\ — \^X^Iq,\\X — X^ and I'^ ^ (resp. I^^) homoge- 
neous component corresponding to (resp. S^) for A 7^ A'. Then (3.6) implies that 



(3.7) 



Summarizing our argument, we conclude that ^{q) is isomorphic to the direct sum of minimal two- 
sided ideals as follows, 

AeAr,A>A' AeA^,A=A' 

where < denotes the lexicographic order on A^.; A = (Ai, A2, . . .) < ji = (/Ui,/i2, . . .) iff Afe < /Xfe for the 
smallest k such that Afe^/Xfe. Consequently we have proved the following result. 
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Theorem 3.10. Let q be an indeterminate and K — Q{q). 

If X'^X, then is simple and Sg.^Sg. where Sg. denotes res^f'''|^^ S^. 

If X' — A, then decomposes into mutually non-isomorphic two simple left T-Of^ (q) -modules and 




The simple left Ti.^^ ^{q) -modules S^, ^'r' i "^if" l^^^^r, A > A', /i = fi') constitute a basic set of simple left 
Ti}^ ^{q)-modules. Moreover, Ti.^ ^{q) is a split semisimple K-algebra and its homogeneous decomposition 
is as follows: 

n\.M) = { 4^)0 [ 

AeA^,A>A' AeA^,A=A' 

where each Iq \ is the homogeneous component corresponding to X which is isomorphic to Matc(^ [K] and 
each direct sum Iq\®Iqx consists of two homogeneous components I^^ and I^-^ both corresponding to X 
which are isomorphic to Matdx/2{K)- 



4 Schur-Weyl reciprocity between [/^(^[(m, n)) and 'HK,r{q) 

In our previous paper llOj . we defined the q-permutation representation and established Schur-Weyl 
reciprocity between the quantum superalgebra t/^ (^((to, n)) and H-K.rio)- Schur-Weyl reciprocity be- 
tween the general Lie superalgebra 0[(m, n) and the symmetric group 6^ was established in, for example, 
pH ll^j . In this section, we shall review the q-permutation representation and the vector representation of 
(7-(0[(m,n)). 

Let V — (B^^^^Kvk be a Z2-graded if -module of rank m -f n. By Z2-graded, we mean that y is a 
direct sum of two submodule Vq = ©^Li-^^fc and Vj = ©fcl^+i-f'^Wfc, and that for each homogeneous 
element the degree map | • | 

ifweV%, 

1 ifveVj, 
is given. 

Let TTr be the g-permutation representation of Tix^riQ) on the tensor space V®^ . tt^ is given by 
7r,,(Ti) = Id^'"^ (g)T(g)U^''~'^^ (i = 1, 2, . . . , r - 1) where T is the operator on V(E)V defined by 



-1 

Vk®vi if fc = Z, 



' (-l)l"'-'l(g + g-i)+g- g 
2 

Tvfc^Vi = < + (g„q-i)„^,g,^; iffc<Z, (4-1) 

(-l)l^'=ll^'lw/(8)Wfc iffc>L 
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and Id is the identity operator on V. This representation vr^ is reduced to the (normal) g-permutation 
representation of Ti.K,r{<l) with n — and to the sign permutation representation of Sr with q^l. Let 
T' be the operator defined by 

r 



2T-{q-q-^) 



Then T' is determined by 



T'vk^vi 



2(-l)l"fcll"! 



-Vl®Vk 



—Vk®vi if fc < Z, 



(4.2) 



—Vk®vi if fc > L 



9+9 q+q 

TTr is also givenby 7r^(7^') =Id®'"^®r'®Id®'-'~^ (i = 1, 2, . . . , r - 1) 

Next we shall review quantum superalgebras and their vector representations. Several definitions of 
quantum superalgebras appear in, for example, [2121 The much complete definition and detailed 
observations of quantum superalgebras can be found in (14! ■ this paper, we obey the manner of 
definition of {Ql{m,n)) in ,2^. The method of construction of superalgebra depends on basically. 
Let n = {ai}i^i be a set of simple roots with the index set I — {1, ... ,r}. We assume that / is a disjoint 
union of two subsets /even and /odd- We define a map p : I — >{0, 1} to be such that 



if iG/ovcn, 

1 if ie/odd- 



Let P be a free Z-module which includes all ai^P{i^I). We assume that a Q-valued symmetric bilinear 
form on P (•, •) : PxP — >(Q) is defined and that the simple coroots hi^P* [i^I] are given as data. The 
natural pairing (•, •) : P*xP — >Z between P and P* is assumed to satisfy 



{hi, aj 



2 if i = j and iE/cvon 

or 2 if i = j and iElodd, 
<0 if^T^j. 



We denote by = {/lijiG/} the set of all coroots. Furthermore, for each iG/ we assume that there 
exists a nonzero integer £i such that £i{hi,X) — (ai,A) for every AgP. Then we immediately have the 
Cartan matrix A ~ \{hi,oij)\ij is symmetrizable because ii{hi,aj) = {ai,aj) = {aj,ai) = £j{hj,ai). We 



mention that the symmetrized matrix is yl^^™ = diag(£i 



)A = [(a^,aj)]^J. Let [) = P* 



Then 



<f> = ([), n^, n) is said to be a fundamental root data associated to A. Let g = q{^) be the contragredient 
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Lie superalgebra obtained from $ and p. The quantized enveloping algebra (0) is the unital associative 
algebra over K = Q{q) with generators q^{hGP*),ei, fi{iGl) and an additional element a which satisfy 
the following defining relations: 

(Ql) = 1 for /i = 0, 

(Q2) q'^^q''^ = q'^^+^^ for hi,h2eP*, 

(Q3) q'^Ci = q^''^"^'> aq'' for /leP* and iGl, 

(Q4) q^fi = q-^^'"i^fiq^ for /igP* and i€l, 

(Q5) = F — ^37— for 

ql, — q I, 

(Q6) a2 = 1, 

(Q7) q^a = aq^ for /igP*, 

(Q8) Cicr = (-l)P«aei for iG/, 

(Q9) !,a = for iG/, 

where [ej,/j] means the supercommutator 

h,/i] = e,/,-(-irW^W/ie^. 

We assume further conditions: 

(QIO) If aG J7q(n+)eiC/q(n+) satisfies fia€Uq{n+)fi for all iG/, then a = 0, 
(Qll) If oG Z^jg/ J7q(n_)/if7q(n_) satisfies e,oG?7g(n_)ei for all iG/, then o = 0, 

where Uq{n+) (respectively f/g(n_)) is the subalgebra of U^{q) generated by {ei|iG/} (respectively 
{/i|iG/}). Uq{Q) is a Hopf algebra whose comultiplication counit s^, antipode are as follows. 

Acr(cr) = a® a, 

A„{q^) for heP* , 

A^(e,) = ej(8)(j~^'''' + cr^'('^(8)e, for iG/, 

A<,(/,) = + for zG/, 

e<7(o-) = £a(g'') = 1 for heP*, Eaici) = e„{fi) = for i&I, 

S„{a)=a, S,{q^^) = q"^"" iov heP\ 

S,{ei) = -aP^'^eiq''^', S^i) = -^"^"^Q'''''' fi iov iel. 
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The quantized enveloping algebra ?7^(g[(m, n)) is obtained from the fundamental root data as follows. 

• I = /cvonU/odd is defined by /oven = {I7 2, . . . , to — 1, m + 1, . . . , m + n — 1} and /odd — {m}, 

• P = ©bg sZcb, where /? = /3_|_U/?_ with /?+ = {1, . . . , m} and /?_ {to + 1, . . . , to + n}, 

• (•, •) : PxP — >Q is the symmetric bilinear form on P defined by 

1 ifa = a'e/?+, 



(fa, Ca') = ' 



-1 ifa = a'eB_ 
otherwise, 



• n = {ai|i£/} is defined by ai = e-i — e^+i, 

• = {hi\i(zl} is uniquely determined by the formula £i{hi, A) = {ai, A) for any AsP, 
where 

{1 if i = 1, . . . , TO, 
— 1 ifi = TO + l,...,TO + n — 1. 

The vector representation {p,V) of Ug [Ql{m,n)) on the Z2-graded vector space V = VqOVj (recall 
that % = ©™ i/Cw., = ® ■ItlVi^^'O is defined by (see (21) 

p{(y)vj = (— for j ~ 1, . . . ,m + n, 
p{q'^)vj = q''^^''''^Vj for hEP*,j = 1, . . . , to + n, 

p{ej)vj^i = Vj for = 1, . . . , TO + n — 1, (4-3) 

= ""j+i for j = 1, . . . , TO + n - 1, 
otherwise 0. 

The vector representation on F®'' is given by /9r(a;) = p®*" o A'^'"~^^(a;) where A^^^^ — A^. and A*^'^^ = 
(A<,®Id®*^"^)A('=-i) inductively. One can readily see that pr is of the following form: 

Pria) = p{ar\ 

Pr{q") = piq'^T'' foYheP*, 

N 

p^(ei) = p(fT^^^^)®'"'®p(e,)®p(g-''''*)'"'"' for ie/, (4-4) 
fe=i 

r 

Pr{h) = ^p(afWg^''^')^'~'®p(/.)®Id'"'"' for »e/. 
fe=l 

Our precedent works in jlOj are Theorem 4.1 and Theorem 4.2. 
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Theorem 4.1 (Schur-Weyl reciprocity |lUp. Let Aq — TTr{'HK,r{q)) and Bq — pr(UI^ (^gl{m,n)'jY 
Then we have Endg^ V®'' = Aq and End^, P"^'' = Bq. 

Let U;^{gl{m,n)) = U;^ {Ql{m,n))(^KK, Aq = Aq^xK and Bq = Bq^xK. Then, 7r^(HA,r(9)) 
and pr[Uq [Ql{m,n))) = Bq as ^-algebras of operators on F®*" = (V^(g)A-K)®''. We notice that 

Endg,^ V^"- = Aq and End^^ F®'' = iJ, hold. 

Let H{'m,n;r) = {A = (Ai, A2, . . .)£Aj.|Aj<n if > to}. Diagrams of elements of H{m^n\r) are 

exactly those contained in the (to, n)-hooks. Then the following holds. 

Theorem 4.2 (Decomposition of the tensor space [lOp. Aq = ® Aeif(m n r) ■^9-^ where each 
•Aq,\ — '^r{Iq,\)i—Iq.\) is the image of the homogeneous component Iq,\ corresponding to X£H{m,n;r) 
as in (3.4)- Moreover, we have V'^^ = ® Ae_ff(m n-r) where H\'s are mutually non- isomorphic 
simple left Tij^ ^{q)-modules indexed by the elements of H{m, n; r), and V\ 's are mutually non- isomorphic 
simple left (^g[{m,n)'j -modules indexed by the elements of H{m,n;r). 

5 Schur-Weyl reciprocity for 'H\^{q) in case of m = n 

Schur-Weyl reciprocity for the alternating group 21^ has been researched by Regev in ^^I- The paper 
[T^ showed that if dimVjj — dimVy under the base field C, then the centralizer algebra Enda^ y®'' 
has remarkable property; Z2-crossed product for Ende^ y^r ^ ^^lig paper, we establish a q-analogue 
extension of Regev's result. We also show that Schur-Weyl reciprocity is valid even if the base field is 
Q{q)- 

We set K = Q{q) in succession, and denote Cq — 7rr(7i}(- ^(q)). Let us consider the relation between 
End^^ t/®'' and Endc, T/®^ Since n}i^^{q)CHKAq)^ we immediately have 

CqCAq and End^^ t/^'^CEndc, P"®''. 

Recall that is an to -I- n-dimensional Z2-graded vector space over K. In this section, we analyze the 
structure of Endc^ T^®*" in case oi m — n. We will consider the general case in the next section. 
Assume that m — n. Recall that 

Bq = {fe EndA V^^\7Tr{Tl)f = fiTriTl) for i - 1, 2, . . . , r - 1} = End^, F®^ 

We define B}j,Cq to be the subspaces of End a- V^^ as follows. 

Bl = {/£ EndA F®n7r,(T/)/ = -/7r,(T/) for * - 1, 2, . . . , r - 1}, 

Vq = {fe EndA F®n7r,(T{I^+i)/ = fMTin+i) for z = 1, 2, . . . , r - 2} = Endc, V^^ . 
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Lemma 5.1. = Bg0Bt. 

Proof. It is clear that the sum is direct. 2 is also obvious. We notice that if fG'Dq, then Trr{Tj)fnr{Tj) = 
TTriTDfTTriTi) for j = 2, 3, . . . , T - 1 from the definition of Vg. 
In general, we may write 

f = l{f + MTDfMTi)) + i(/ - MTDfMTi)). 

If f&Vq, then one can readily see 

^rm)\{f + ^r{T[)fMT[)) = ^{7rr{n)fnr{Tl)^ +nr{Tl)nr{Ti)f7rr{Ti)) 

Hence we have 2-'^{f + TTr{T{)fTTr{T{))eBq. In the same fashion, we also get 2-^{f-7rr{Ti)fTrr{T{))eBl. 
Thus we have proved the reverse inclusion C. □ 

We notice that if V is Z2-graded, then Endi<: V is also Z2-graded. Namely, 

Endx V = {EndK V)o©(EndK V)j, 

where 

(Endif y)o = {/e EndK V\fm)CVj, ze{0, 1}}, 

(Endx V)j = {/e End^ V\f{V.)CVj^, ie{0, 1}}. 
Let (p€ Endjf V be given by ip{vi) = v^m-i+i- Obviously, (^G(EndK ^)t- Let ip'^'^ be the tensor product 
of if. In general, for homogeneous elements fi, f2, ■ ■ ■ , fr of End^ V, f\®f2® ■ ■ ■ ®fr& End^ F®'' is given 
by 

A® • • • • • • mr) = (-i)5:r=2(i/.i E'll • • • ®ak), 

where ui,. . . ,Ur are homogeneous elements of V. Hence we have 

<^®''(ui(g)---(8)Ur) = (-1)^*^=^*^5=1 '"^■'V(wi)®---0<P(Wr)- (5.1) 

Lemma 5.2. (p®'" is an isomorphism of K -vector space V^'^ which satisfies following properties: 

(^®'-)2 = (_i)'-('-i)/2i (5.2) 

and 

MnW^"^ = -v'^'^MTl) fori = l,2,...,r-l, (5.3) 
where I is the identity operator on 1/®'". 
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Proof. For homogeneous elements ui,. .. ,Ur oiV, one can readily see that 

{ip^^'fim^ ■ ■ ■ ®ur) = (-i)sr=2(Epi VWi)® • • • 
= (-i)Er=2E*=i . . . 

Hence = (_l)'-(^-i)/2 and (p'^'' has the inverse = (_i)('--i)r/2^»r^ 

To prove the last statement, we check three cases of the definition of Wr which has appeared in (4.2). 
Wc notice that it suffice to prove only the case r = 2. 
Casel : k = I 

= V2m-k+l®V2m-k+l 

T'ip^^iVk^Vl) = {-lt''^T'{v2m-k+l^V2m-k+l) 

= {-l)\->'\{-l)\--'n->'+^\v2m-k+l^V2m-k+l 
= -V2m-k+l^V2m-k+l 

Case2 : k < I 



^ q + q-l {V2m-l+l^V2m-k+l) + ^ _^ (- 1) ' {V2m-k+l^V2m-l+l ) 



-1 



2(— l)l"fcl + l''2m-fc + l||''2m-I + l| 



-1 



q_^q-l {V2m-l+l<SiV2m-k+l) - ^ _^ (-1)'""°' (^2m-fc+l'8't^2m-i+l) 

If l^^fel = \Vl\ = 0, then (-l)M\vi\ + \v,\ = l [-I)\vk\ + \v2m-k + l\\v2m-l + l\ = _i. 

If \vk\ = 0, It;;! = 1, then (-l)\^k\\vi\+\v,\ = _i ^nd (-l)l''*.l+l''2m-*,+ilk2m-!+i| = i. 
If \vk\ = 1, \vi\ = 0, then (-l)l''<=ll''!l+l''!l = l and {-l)M+\v2m-k+i\\v2,n-i+i\ = _i. 
If = \vi\ = 1, then = i and {-l)\^''\+\v2m-k+i\\v2m-i+i\ = _i. 

After all, (/^^^^^'(ufeOu;) = -TV®^(ufe0v;) holds. 
Case3 : fc > / 

2(' — 1 ll^'sll"'! n — 

q + <i~ <i + q~ 

2(— l)l"'=ll"'l+l"il q — q-^ 

= q + q--^ (^2m-Z+l<8l^^2m-fe+l) - ^_^^_-i^ {-'^r''\V2m-k+l®V2m-l+l) 
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= ; (w2m-l+r$5V2m-fc+l) H ' (- 1) ' (?;2m-fe+l <8)U2m-; + l ) 

q + q ^ q + q-^ 

In the same manner as case2, we have (p'^^T' {vk®vi) = —T'(p^'^{vk^vi). □ 

Let $ be the endomorphism of the vector space Endx F®'' which is given by: 
Then we have the following. 

Proposition 5.3. $ is an automorphism of the vector space Endi<- V'^^. The restriction of^ to Vq gives 
an automorphism of Vg which satisfies the following properties: 

$(B,) = St, $(St) = S,. 

Especially, we have dimx Bq = dimx and Vq — Bq(B^{Bq) — Bq®ip®^Bq. 

Proof. From (5.2), it immediately follows that $V = („i)'-('-i)/2j foj. /gEnd/f y®"". Hence $ is an 
isomorphism of Endi<: V®"^ . Let f&Bq. From (5.3), it follows that 

= -<p^Wrin)f 
= -ip^-fWrm) 

= -m^rin). 

Hence $(/)ei3T. In the same way, we also obtain ^{f)&Bq for f&B^. Combining with Lemma 5.1, we can 
conclude that $ defines an automorphism of Vq = i3qffi6| satisfying ^{Bq) = B^ and ^{B^) = Bq. □ 

Let LV be the endomorphism of the algebra End/c F®'" which is given by: 

Uj{f) = (-l)Kr-l)/2^®r_^^®r j^j. ^^^^ y^r _ 

Indeed, one can easily see that the following. 

= (-l)'^('-i)/V®V5^®'^ 

= ((_l)'-('--l)/2<^®'^/(p®'^) ((-l)'^('-l)/2(p®'^£,(p»'-) 

= uj{f)u;{g). 

So, ui is algebraic. 
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Proposition 5.4. uj is an automorphism of order 2 of the algebra Bg. 



Proof. If f&Bq, then it follows from (5.3) that 



TT, 



-rinMf) = (-i)'-('-i)/V(r/)(^«v^' 



= (-l)''(''-^)/V^(T/)<^®V^®'' 

= (_l)r(r-l)/2^®ry^®r^^(-7^/) 

= u,{f)nr{T!) 



Therefore uj{f )eBq. From (5.2), it follows that 



a;2(/) = (-l)'^('-^i)/2u;((p®7^®'^) 

= (-iy(^-'^){cp'»rff(ip®rf 



= f 



Therefore co is an automorphism of Bg of order 2. 



□ 



Let if = Then iJ is a subgroup of Aut{Bq). H is naturally isomorphic to Z2 = (1,-1) as 

(multiplicative) groups. We define two maps 



Then we have the following lemma. 
Lemma 5.5. ipi and ai satisfy (2.1)-(2.3). 

Proof. (2.3) is trivial. Since oi{a,T) = ±1, (2.1) may be reduced to '^i^a) = ^"'^^a, so holds obviously. If 
(71 = 1, then both sides of (2.2) equal a{a2, 0-3). In the same manner, if 0^2 = 1 (respectively as = 1), then 
those equal a{ai,a3) (respectively a{ai,a2)). If ai = a2 = as = —1, then both sides of (2.2) become 
-1. Thus (2.2) holds. □ 

Hence, we obtain a crossed product Bq'^^^[Z2] from the crossed system {Bq,Z2,'tpi,ai), where ipi and 
ai are given in (5.4) and (5.5) respectively. 

Theorem 5.6. If m = n, then Vg is isomorphic to the Z2-crossed product Bq^^2\ as K -algebras. 



V'l :Z2^Aut(S,), Vi(l) = l,^i(-1)='^, 



(5.4) 



and 




(5.5) 
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Proof. Because Bj = ip^'^Bg = Bgip^^ holds from (5.3) and Proposition 5.3, 

follows. Since both Bg^J [Z2] and Vg are free left Sg-modules, we may define an isomorphism of Bg 
modules: 

: Bg^l[Z2]-^Vg, ti(ui) = = 
Prom (2.4) and (5.4) and (5.5), one can deduce the multiplication law for Sg^^[Z2] as follows. 



{aiUa){a2Ur) = < 



oi«2'Wi if (7 = 1 and r = 1, 

aia2U-i if (7 = 1 and r = —1, 

(_l)r(r-l)/2^^^®r^2^®r^_^ if CT = -1 and T = 1, 

ai<^®''a2</'®''wi if a = — 1 and r = —1, 

where ai,a2&Bg. Therefore, we get four formulas in Vg, 

(ail)(a2l) = aia2l, 

(ail)(a2(/9®'^) = a,a2^®\ 

(oi^®'')(a2l) = (-l)''(''-l)/Vv®'■o2V®'■<P®^ 

iai^^'~)ia2V^n = ai^®'-a2^®'-l, 

which derive the conclusion that / is an isomorphism of /T-algebras. □ 

For a commutative domain R and a subalgebra A of Mat(m, R), wo set A = {Xe Mat(m, R)\XY = 
YX for all Y^A]. Let Ri = Q[q, q"^] be the algebra of Laurent polynomials. Since matrix elements of pr 
are in Ri by (4.3) and (4.4), we may define to be the subalgebra of Mat ((2m)^, i?i) generated by the 
set {pr{a), pr{q'^), Pr{ei), Pr{.fi),f'^^\h&P* ,i&I}. Similarly by (4.2), we may also define C'g to be the one 
generated by {/(2m)'-, {q+Q^^)'^^r{T{Tl)\i = 2, . . . , r— 1} where I{2mY ^® identity matrix. Now we shall 
complete Schur-Weyl reciprocity for the g-analogue of the alternating group, namely, Cg = Endx>^ 

Vg = Cg is by definition. We shall show Cg = 'Dg. The specialization to a nonzero complex number t 
is a ring homomorphism ^p^ : Ri — >C with the condition ipt{q) = t. C becomes (C, i?i)-bimodule, with 
Ri acting from the right via (fit- If t is a transcendental number, we can extend the specialization from 
Ri to its quotient field K, namely (fit '■ K — >C. Applying the specialization ^pt, we obtain the specialized 
algebras Ct = C^R^C'g and Vt = C^R^Vg which are subalgebras of Mat ((2m)'', C) . Ct and Vt act on the 
specialized vector space C^kV^'^ in obvious ways. 
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Proposition 5.7. Cq =T>q. 



Proof. Obviously C^CP^, so rank/?^ C'q< rank^j holds. 

Since Ri is a principal ideal domain, the submodules and of the free i?i-module Mat ((2m)'', 



are also free. Assume N — rank^j C' Let Xi(ci)[i = 1, . . . , TV) be a basis of C' and x^''(g)Gi?i the (fc, ^) 



entry of Xi{q). Then we immediately have that the specialized elements Xi{t) 



k,l 



{t)){^ 



generate Ct and dime Ct< rank C^. Because Xi{q) are linearly independent, '^f^iOii{q)Xi{q) 



for ai{q), . . . ,aN{q)^Ri implies ai{q) = ... = a]y{q) = 0. But the equation '^^^iCtiXi{t) 
ai, . . . , QfArGC may admit a nonzero a^. Consider the system of linear equations: 



for 



{2my' ,{2mY -1 



1,1 
1,2 



{2mY ,{2mY 



(t) 
(t) 



X 



(2m)'\(2m)'^-l 



(2m)'', (2m) 



(2m)'', (2m)' 



X 



(2m)'', (2m)' 
N 














ai 





















X 



































Reducing to a common denominator for each row, we may assume that each a;*'''(i)eQ[t]. Suppose there 
exists a non-trivial solution. Then the rank of above matrix is less than iV, which implies that every 
A^th minor determinant equals 0. This is impossible if t is transcendental. Hence dime Ct — rank^^ 
for a transcendental t. In the same manner, dime 2?t — rank/j^ 2?^ if t is a transcendental number. This 
argument is valid even if K\ is replaced by thus we also obtain dime Ct ~ dinii^ Cg, dime T>t — dim^^ Pg 
for a transcendental number t. 

Next we shall show that rank/j^ = dimePt- Assume that Y{q) = {^^'\q))'^'i''q- Then Y((j) 
commutes with all pr{a-) , pr{q''') , Pr{ei) , pr{fi) , f'^^ {h^P* , i&I) . Hence the matrix elements y'''^{q){k,l — 
1, . . . , (2m)'" determine polynomial equations with coefficients in Ri. We notice that rank/j^^ T^'q"^ dime Pt 
in general; besides the elements of specialized algebra Q^r^T)'^, possibly 2?t contains another element 
which commutes with specializations of pria), pr{q'^), Pr{ei), Pr{fi), (p^^{h&P* Assume the case. 
Reducing to a common denominator, we may deduce that t is a common solution of certain polynomial 
equations with coefficients in Q. This is impossible if t is transcendental. Thus rank/j^ C^ = dime Ct 
for a transcendental t. In the same manner, we also have rankj^^ T)'^ = dime for a transcendental t. 
Replacing i?i by K, we obtain dim^f Cq = dime Ct and dim/f Vq — dime Vt. Considering the specialization 
(/?!, we obtain the following: 

dime Ci< dime Cf — rank/^^ C^< rank^^ dime Pt< dime T>\. 

In J21j Regev has shown Pi = C\. Applying double centralizer theorem, we have C\ = Pi. Therefore 
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rank/jj C'^ = rank^^ and diiHA' Cq — dinix T>q, which imply Cq — Vq. □ 

From Proposition 5.7 we immediately obtain Schur-Weyl reciprocity for Ti.]^ ^.{q) as follows. 
Theorem 5.8. Endc, V'^'' = Vq and Endp, F®'' = Cq hold. 

6 Schur-Weyl reciprocity for 7{]> (q) in the general case 

Henceforth, we do not assume m^n and consider the general case. In this case, results can be obtained 
in the same way as q = 1 case which is used in Recall Theorem 4.2: 

A- A.A, (6.1) 

AG//(rn,n;r) 

where each Aq^x = TTr{Iq.\){~Iq,x) is the image of the homogeneous component Iq,x of 'H^^ril) corre- 
sponding to \^H{ra, n; r). In the same manner as I12j . we define HQ{m, n; r) ~ {AeA,.|A, \' (lzH{m, n; r)} 
and H\{m, n; ?■) = H{m, n; r)\Ho{m, n; r). Then we obtain the following from (6.1). 

A=[ {A.A©A.A'}]0{ A.a}0{ Aq,x}. (6.2) 

X^Hq (m,n;r), A>A' X^Hq (m,n;r),A— A' X^Hi (m,n;r) 

Let Cq — Cq'^Q(^q)K — TT^ (T^^ ^(^))- Froiii Theorem 3.10 we have: 

nhA'i)-{ 4a} 0[ {/>/,a}"- 

AeAr,A>A' AeAr,A=A' 

So we immediately obtain: 
Cq^{ ^.(4a)}0[ {-.(4a)©-.(4a)}]0{ -^-(^.a)}- 

X^Hq (m,?i:r) , A> A' X^Hq (m,n;r) ,A— A' XgHi (m,n;r) 

(6.3) 

If Aei?o(TO,";?') and A > A', then 7rr(/g,A)=-^g,A and 7rr(/ga')--^g:A'- Therefore 7rr(/,,Affi/<7,A')-^«,Affi-^g, A', 
which implies nr{Iq^x)^nr{Iq,x)'^Iq,\ because Iq.x=Iq,xQIq,x®Iq,X' ■ 

If X£Ho{m,n;r) and A = A', then T^r{Iq x)'=^q x ^'^^ '^r{Iq x)'=^q x ^dd because ■nr{Iq.x)—Iq,x and 

If AeiJi(m,n;r) then nr{Iq.x)=Iq,x and 7r^(/g,A') = {0}. Since Iq.x = {X + XeIq,x®Iq.x'\XeIq,x} , 
we have TTr{X + X) = nr{X) for X + Xelq.x- Thereby Trr{Iq.x) = T^r{Iq,x)—Iq,x follows. 
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Let us define two-sided ideals of Aq and those of Cq as follows. 

A=^4' = [ {A.A®A.A'}]0{ Aq,x}, 

XeHo{m,n;r),X>\' XeHo{m,n;r),X=\' 

Aq^Aq = •^q,Xi 

AG//i (m,n;r) 

c;3c° = { 7r.(4.)}0[ {^ra,tA)®'^^(^«;A)}' 

C^DC;^ = 7rr{iq,x) 

AG-ffi (m,n;r) 

Comparing dimensions of components between Aq and Cg, we obtain the following theorem. 

Theorem 6.1. Aq and Cq have direct sum decompositions Aq = Aq(BAq and Cq = Cg(BCg respectively, 
which are satisfy the following relations. 

(1) C"C^JJ anddim^.4° = 2dim^C0 

(2) Cg = Aq. Especially dim^^^ = dim^j C^. 

As a special case, when m = n, we readily see that Hi{m,n;r) = 0. Hence both A^ and C^ are 
zero and dim;^ — 2dim^Cq. Moreover, if n = 0, namely non-super case, then we readily see that if 
TO^ < r, then all AeA^ arc contained in Hi{m, 0; r) and Aq = C° = 0. The Corollary below is immediately 
obtained from this argument and (6.2), (6.3). 

Corollary 6.2. Let n = 0. //m^ < r, then Aq = Cq and Endc^ F®'" = End^^ V®''. 
We denote by Wq and Wi direct summands of V®^ which are defined as follows. 

Wo = [ {{Hx^VxMHy^Vy)}]^{ {Hx^Vx)} 

XeHoim,n;r),X>X' XeHo{m,n;r),X=X' 

= {Hx<8>Vx) 

X^Hi (m,n;r) 

Wc notice that End_4^ F®'' = End_4_^ W^offiEnd_4^ Wi and that End^^ F^"' = Endc^ VFo©Endc^ Wi. From 
Theorem 6.1, wc immediately have the following. 

Corollary 6.3. End^^ Wo^End^^ Wq and Endc^ Wi = End_4^ Wi. 

Proof Since ^JWo = and A^gWi = 0, End^_^ Wq = End_40 Wq and End_4_^ Wi = End_^i Wi hold. 
Similarly, we have End(j_^ Wq = End|ji Wq and End^j^ Wi = End^i Wi. Hence we immediately obtain 
from Theorem 6.1(1) that End^^ Wq = End^o T4^o2End_4o Wq = End_4^ Wq and from Theorem 6.1(2) 
that Endc Wi = End^i Wi = End^i Wi = End^ Wi also. □ 
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